The benefits of various representations of real numbers by computable functions is well-studied \[[@CR10], [@CR16]--[@CR18], [@CR21]--[@CR23]\], and it is a standard result that the set of "computable reals" is the same in most representations, but that uniformly computable conversion between different representations is not always possible \[[@CR18], [@CR22]\]. When computable conversion *is* possible, it is in general necessary to perform unbounded search, and efficient, or *subrecursive*, conversion cannot be done. For example, for any sufficiently large subrecursive class $\documentclass[12pt]{minimal}
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In this paper we derive upper bounds on the computational complexity of conversion between various representations of irrational numbers where subrecursive conversion *is* possible. In general, an irrational $\documentclass[12pt]{minimal}
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The results of the paper are shown in the diagram below; all results in the *left-hand side* of the diagram are proved explicitly in the paper. The arrows in the *right-hand side* of the diagram are known from the literature \[[@CR13]--[@CR15]\]; we defer more precise bounds on these (to wit, the existence of primitive recursive bounds) to future research.

For the purposes of the present paper, we are only interested in *upper bounds* on conversion overhead. Our results show that conversion between Dedekind cuts and other classic representations can be done with polynomial overhead (and, by composition, conversion between any two of the considered representations in the left-hand side of the diagram above can be done with exponential overhead). More involved algorithms than the one we present here can indubitably be made, forcing the upper bounds to be low-degree polynomials.

Certain prior results are known for the representations we consider, but at a much coarser level of granularity; for example, Lehman \[[@CR17]\] proved that the Hurwitz characteristic of $\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
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The overhead we consider is polynomial in the *value* of the index of the desired approximation to an irrational; for example, if one wants to compute the *n*th digit in the base-*b* expansion of an irrational $\documentclass[12pt]{minimal}
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Remark 2 {#FPar2}
========

As the representations in the above diagrams are most easily expressed using functions, we believe that the natural formalizations for conversions are Turing machines with oracle access to the representations being converted from. In other work on real number computation, there is a well-developed notion of reducibility between representations that, roughly, requires the representation to be written as an infinite string on one of the input tapes of a type-2 Turing machine \[[@CR6], [@CR12], [@CR22], [@CR24]\]. In that setting, for example, a function $\documentclass[12pt]{minimal}
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Preliminaries {#Sec1}
=============

We assume basic familiary with computability and computational complexity (standard textbooks are \[[@CR1], [@CR8], [@CR20]\]). We write $\documentclass[12pt]{minimal}
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We first define oracle machines in the usual way:

Definition 3 {#FPar3}
------------
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To be executed, *M* is provided with a total function $\documentclass[12pt]{minimal}
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Function-oracle machines are in standard use in complexity theory of functions on the set of real numbers (see, e.g., \[[@CR11]\]).

Remark 4 {#FPar4}
--------
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As expected, using the semantic function of a function-oracle Turing machine *M* with oracle to *f* as the oracle of another function-oracle Turing machine *N* can be made to "cut out the middleman machine *M*"; that is, we could use a single oracle machine with an oracle to *f* with bounds on time and oracle use not much higher than the original machines *M* and *N*:

Proposition 5 {#FPar5}
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Then there is a parameterized function-oracle machine *P* such that $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----

*P* is merely *N* with the original oracle tape replaced by two new work tapes, a new oracle tape added, and each query to *g* replaced by execution of a copy of *M*, with the new work tapes functioning as the "input" and "output" tapes of the copy of *M*, and the new oracle tape as the oracle tape of the copy of *M*. Every time *N* would query *g*, it writes the query *a* on the new "input" work tape. The copy of *M* then computes *g*(*a*) using time at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_M(s(\vert c \vert ))$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_M(s(\vert c \vert ))$$\end{document}$ queries to *f*, hence a total of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_N(\vert c \vert ) q_M(s(\vert c \vert ))$$\end{document}$ queries to *f*. The total time spent by *P* is the time spent by *N* plus at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_M(s(\vert c \vert ))$$\end{document}$ steps per oracle query, for a total of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(q_N(\vert c \vert ) t_M(s(\vert c \vert )) + t_N(\vert c \vert ))$$\end{document}$ steps.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

In particular, function-oracle machines running in polynomial time and having queries of polynomial input size are composable in the above way and yield new machines running in polynomial time.

Farey Sequences and the Stern-Brocot Tree {#Sec2}
-----------------------------------------

A *Farey sequence* is a strictly increasing sequence of fractions between 0 and 1. The Farey sequence of *order* *k*, denoted $\documentclass[12pt]{minimal}
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### Definition 6 {#FPar7}
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Abusing notation slightly, we do not distinguish between the pair $\documentclass[12pt]{minimal}
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The (left) *Stern-Brocot tree*[1](#Fn1){ref-type="fn"} $\documentclass[12pt]{minimal}
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### Proposition 7 {#FPar8}
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Efficient computations of the elements of the Stern-Brocot tree (and hence also the Farey pair tree) is possible \[[@CR2], [@CR19]\]; for our purposes, we simply need the following result:

### Proposition 8 {#FPar9}

There is a Turing machine *M* such that for any $\documentclass[12pt]{minimal}
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Representations {#Sec3}
===============

We now introduce a number of well-known representations of real numbers. Representations by Dedekind cuts \[[@CR4], [@CR7]\], Beatty sequences \[[@CR3]\][2](#Fn2){ref-type="fn"}, and Hurwitz characteristics \[[@CR9]\][3](#Fn3){ref-type="fn"} were known in the 19th century or earlier. The representations by locators and general base expansions are, to our knowledge, new, but natural. In particular, the general base expansion yields the base-*b* expansions of $\documentclass[12pt]{minimal}
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Definition 9 {#FPar10}
------------
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Definition 10 {#FPar11}
-------------
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Definition 11 {#FPar12}
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Definition 12 {#FPar13}
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A *general base expansion* of the real number $\documentclass[12pt]{minimal}
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Definition 13 {#FPar14}
-------------
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Representations Subrecursively Equivalent to Dedekind Cuts {#Sec4}
==========================================================

The remainder of the paper is devoted to proving the following theorem:

Theorem 14 {#FPar15}
----------

For each representation *R* below there is a parameterized function-oracle machine *M* such that, for every irrational $\documentclass[12pt]{minimal}
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Conversion Between General Base Expansions and Dedekind Cuts {#Sec5}
------------------------------------------------------------

### Lemma 15 {#FPar16}
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### Lemma 16 {#FPar18}
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### Proof {#FPar19}
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Conversion Between Locators and Dedekind Cuts {#Sec6}
---------------------------------------------

### Lemma 17 {#FPar20}

There is a parameterized function-oracle Turing machine *M* such that if $\documentclass[12pt]{minimal}
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### Proof {#FPar21}
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### Lemma 18 {#FPar22}
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Conversion Between Beatty Sequences and Dedekind Cuts {#Sec7}
-----------------------------------------------------

### Lemma 19 {#FPar24}
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### Lemma 20 {#FPar26}
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Conversion Between Hurwitz Characteristics and Dedekind Cuts {#Sec8}
------------------------------------------------------------

### Lemma 21 {#FPar28}
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### Lemma 22 {#FPar30}
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### Proof {#FPar31}
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Conclusion and Future Work {#Sec9}
==========================

We have analyzed conversions between representations equivalent to Dedekind cuts, and we have seen that we can convert efficiently between any two such representations (Theorem [14](#FPar15){ref-type="sec"}) . We strongly conjecture that the same efficiency is not possible between representations equivalent to continued fractions. Indeed, we regard the representations equivalent to continued fractions to be the most interesting and challenging ones from a mathematical point of view. Among these representations we find the trace functions and the contractors (see the figure on Page 2). A function $\documentclass[12pt]{minimal}
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Finally, some well-known representations are not subrecursively equivalent to any of the three representations above, for example the base-*b* representation for any integer base $\documentclass[12pt]{minimal}
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                \begin{document}$$b \ge 2$$\end{document}$. It is possible to convert a Dedekind cut to a base-b expansion and a base-b expansion into a Cauchy sequence without unbounded search, but not the other way around \[[@CR14], [@CR21]\]. It is interesting to investigate the set of representations subrecursively equivalent to such expansions.

"Left" because the Stern-Brocot tree originally concerns the interval (0, 2) and we are interested only in (0, 1) which corresponds to the left child of the Stern-Brocot tree.

Apparently, what is now known as Beatty sequences was used earlier by Bernard Bolzano \[[@CR5]\], whence this representation of reals could also be called *Bolzano measures*.

Use of the Hurwitz characteristic to represent numbers rather than a stepping stone for other material is a much younger invention \[[@CR17]\].
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